UNIVERSAL TREES

QUASI=POLYNOMIAL
SEPARATING AUTOMATA

)/ ik f AN e

LA FING AN A\\ PN

MARCIN JURDZINSKI

UNVERSITY ofF WARWICK

COLLABORP\T0V~53 W. CzERWINSK) ) L. DAVIAUD , N. FioalKow , R. LAZLE , P. PARYS
K. LEHT\NE.N) R,MokvAN) THegaswing K.S.



A

PArRITY

GAMES n = |V|

g groph

—[7O

(/1 1)

«—/N_Y




PArRITY

GAMES

A gomn greph




SHORT WITNESSES FROM PosITIONAL DETERMINACY

THEORE M [ Ememon Jukte 4391 Jnostounks 1994 ; 'v'(.-fwv-ccl Upca 4‘350"-‘]
?avcltz ?o»M\.Q,A o€ FMA'JtCOMa.LLa J&tedwd_

Weoen
7 7N
T 2 / ( T . T QA%;LA CArOMN
\ P Lo potifiom
/NN
w T oJ\}\ Cf\aOLJLA e d Golol

Woad

COROLLARY [ Eweannom | Jukhor, Sintla 1993 ]




ALGORITHMS FOR SOLVING PARITY GAMES

+ 0" [ McNomghton 4393 j Zielowho 4393]

E B’VOW‘V\Q.‘ Ciomr‘oz’ ?L%, oConag, \MOsN'v-Qm 4994}

7 +o Seidl 1936; J.2000]

< 0(1) oi:va.'tew Lenvalion [U&a‘z, g 2006]

- roblc.'z kenvakion ‘F'v MDP,
Z..Q..("\-) E'}V\Q Ao 2003] C’:F-ea\.nrmlua, 201 0]

— vomdorizad. 4cann X

[ Romrem | Fiedmomm , Zuick 2011]

'VLO(G) [ Bgovichumad S-OA'MM(»V% , Um)(nz(ou 1003,

'J ) ,?o»'\:ezv’\w | Zanck ZOOCJ

[ Schoawe 2007 ]




ALGORITHMS FOR SOLVING PARITY GAMES

4 O(/\)
1L

’YLE *0(4)

[\N\C\NO\M%L\JCO'V\ 43"3’5 ) ZA.Q(/O/V\]L& 4%32]

[ Prvorne | Ckamlu} FOZL\O\) Lomg, Moin veno ’1994/
Sedd 1936, 7. 2000 ]

OXN&JEQ% {/te,/vak«:o/\/\_ [ an,zl g 2000]

— rok&cj {KQ,MCLJC«C.QN\ ‘Ky\/ ™MD P’A
(__/Echwv\l_eAa, 2_04 0]
- VQMdAAAALZ.QCL ARAMAPAL X

[ Homaem | Fredmomm , Zuick 201’\]

[ Farie daiovaan 100‘3]

[B’d—‘—’-“’\d’w"‘ok, SO»N\OWCM% : Uo/\er\a,o»u 2007 )
l_(]_ ,?oxfke/v’\w I Zarick 2006]

[ Scheawe 2007 ]

[CM ,geu'M, KW,&,Y‘W 2017
7., Larid 2017 | Lhdimen 20187}






ORDERED TREES

<,>/\ e //\\
/AN T LA AN

A

(N, <) (B, <u)



(N, <)

ORDERED TREES

, A:fuft // \\
/31\ | ™A

IFZONN



UNIVERSAL TREES

//\\ T\ PN /\
R | A N AN T B AN

RPN / \ // \\

Loonn: 4 (4, )“wvu'/\remou( tvee



UNIVERSAL TREES

DeriNITION TM axnn (’Y\.’ ) umu-emsa.k 't'V‘Q-Q.

| euemar‘t»ez wikh o leones amd 4
f’/vmb-?.ot} /tho

//‘\\
RN N
LANT THNIATA

(Z), >’u~\£/\r€.400\k (‘l, 3__uwnmk




PARITY GAmES

A gowns groph
2] [E—[2
|
"
A ploy
——[2]

€__—-

A7

G = (V:\/mm@\/om)}zi )

A RIS

Enremn w'imo< ,
Jh
o sp 7]
it i

Y e follansed dy

o

A enenn

all ( %W:t@bg) occamveEmces of am odd

om 0CCAMTYENCO c'f Qa "u.«al\vr eatm




HIERARCHICAL MULTI- COUNTER M,
["]S-Q.ovw\zk' IJQ-I\AA:IV\

( WW\C&WC/L 200 3]

e Staten: wmulbi-cowdevs (CppyCryyveey €, C) ot DCCeN

e Tuikial state : (0,...,0)

'rc.Jcct il c=n

o Tromaitions : /
(CoiyyCoui €y C )...)c> —> (¢ C 'c+1,0,...,0>
™ (c,,.,C. ¢C ,D,...,D)

Fact H "M'n' » "yum’ om am evem %ﬂarh widh € vetices
'l:lum. N wkae«r entw e_xce.o.c!us "n.



+ ol
AN m ) ALGORITHM

M, = {(C ,Casyy €,,C) 2 0< c.<m}

FACT ?owdca gowme
omnd. da.-fe.'l',a, gorme > MM_,

L\Ou\)-e 'H«JL AOAMMLZ  AUTMMEND




MULTI-COUNTERS AS AN ORDERED TREE

M

T %WMQ Z‘\—O""\g _bv\eﬂ- o:{ \\M?Lk

)

/AN //\.\ /:/X\ AN

—2 'rqecj:

Lonred
Lok
Lored
Lanred




MULTI-COUNTERS AS AN ORDERED TREE

My — conploke Gy fren of kgt
S\
* AADD,
vead 11 move to the wed lad (lusek | audtver)

n,ur



MULTI-COUNTERS AS AN ORDERED TREE

M

T %WMQ Z‘l—o""\z _bv\eﬂ- o:{ \\M?Lk

)

OO

rejod

iéii

reod 21 move To themmallod lafin the vk lodk 5 aukbitver




ORDERED TREE

As AN

MuLTI- COUNTERS

'rcje,cj:

DUt ":0 'lil\ﬂ-'l'ima.uldk LRAA(&/\, 'U«.O_ SomnQ l.(uu-ﬁk M'V'QQ.

'Y‘&o-c!.




MULTI-COUNTERS AS AN ORDERED TREE

TV OV
CLLDBID.

'rcje,cj:

rre,a.ci Dot '\10 Hﬂ-'lwo.u‘u’t Lw{wu -H«a. donamQ Lwd. avdver




MULTI-COUNTERS AS AN ORDERED TREE

MS — QQWFM 4- oy taen A“\ﬁk%/\«k

Ny
AN AN AN AN

WJQO

Quﬂ.dtmi oDO we€ -eo~LL2 wecl "U«Q mrbie (/n_-l"‘)—ou/y, t«res; o{— Luug‘\k Z?




MULTI- COUNTERS FReM ANY ORDPERED TREE

A A N

= IN NN TALZNGAN

M ‘\;\;dw'\;\;\;\;\;\;\m\;\;\x\:\ SR{E®: % ; =3
T: w




HIERARCHICAL DECOMPOSITION

PO

AL
e L [




ProgRESS MEASURES

PeErFINMITION /\A.\/‘é j_ w o rwgfv-c/)o Aot :fo,‘, ?VO”I"L' {‘{
{v every edage (v, €E,

* I“(")\ (v) < /\A(“)‘ ) A () an odd oo )
b))
* N(U)\ () s N(’U)‘ () 12 (‘U) Aan et looel T ()
Jelw) o)




ProgRESS MEASURES

DerFiNITION /m \/—~> j A Q.F'V\’)BN"C/)’J RNV {;’\r %mo\rk

{;v QI\J‘QJ"% QOL%/Q ('\)’|u>€E)

Iy < W] | ) A odd

4




ProgRESS MEASURES

DEFINITION /m \/—~> j A Q.F'V\’)grv‘ﬁ/yj AR AT {;/\r %Mo\rk {4(

{Lv ey eok%,e (v|u>€E)
® N(U>\ («;)< /\A(’U)\ (v) '(Q (v) 4n odhd.

° N(U)‘ () é N(’U)\ () i-g (,U‘) An et

bder
1& -2 Looch 3,2
/ / 0
1 loel ®
\4 >b S MR

1' 213 4



ProgRESS MEASURES

DerFiNITION /m \/—~> j o Fmg«v{/)o W/aww{{;’\r %mo\rk {4

{;v QI\J‘QJ"% QOL%/Q ('\)’|u>€E)

Iy < W] | ) A odd

° N(U)‘ (0)6 N(’U)\ () i-g (,U‘) An et




ProGRESS MEASURES

PDeEFINITION /Vk \/'q j A o Ffmgnrﬁ/m Wm«fﬁ{g’\r %M&FLL {4(

{Lv ey eok%,e (v|u>€E)
® N(U>\ («;)< /\A(’U)\ (v) '(Q (v) 4n odhd.

° N(U)‘ (U)\< N(’U)\ () i-g (,U‘) An e

/3< -2 w%\?
1 1 el
e
4 >

FIN 0 AT m T
1

J 23 4



I
A "FUNDAMENTAL THEOREM' OF PARITY GAMES

THEOREM [...; Exmansom, Jutlo 13315 :]
ko oo progrim mrosuat 1“— every m O s evem

< leonrns




THE MULTI"COUNTER METHOD

M, = {(c,Cuc,c): 0<c <]

F ACT ?@\r\,&«a %Q/\N\.Q
amd. 4a~+.'l',3 goame > M«’

howe the soame wrmamzns



MULTI- COUNTERS FReM ANY ORDPERED TREE

A A N

= IN NN TALZNGAN

M ‘\;\;dw'\;\;\;\;\;\;\m\;\;\x\:\ SR{E®: % ; =3
T: w




THE MULTI"COUNTER METHOD

I"‘.’lj\e S ‘=MT whave T 5
o the c«w\[;/bzke oy tree 0{ Mgkt

amd. 4@{61',3 goame >3

kow-e the soume wrirmanens



THE MULTI"COUNTER METHOD

I‘i’:‘. B S ‘=MT whave T 5
o The mr)we oy 1o o{ M%M

.‘I:I«\Q,WOFQ.FMQZM%W

£ leones

amd. 4@{(.{',3 goame >3

kow-e the soume wrirmanens



THE MULTI"COUNTER METHOD

I‘i’l B S ‘=MT whave T 5
o The mr)we oy 1o o{ M%M

Q‘I:I«uz,twuopo..'»vngnr%w

£ leones

* am ('n_, )-umw;ai tree

amd. 4@{61',3 goame >3

kow-e the soume wrirmanens



UNIWERSAL TREES: A QUASI- POLYNOMIAL UPPER DOUND

THEOREM [ Z.,.,szxc' 204?]

Tfkswc 1 an ('VL, )*um,évemo\,(. 'l'-m 0{ Mz2e ﬂ'(L?‘Cﬁ >
Z'V\.

- FJ»\a (%) ‘L{ = O(boa 'n.>
A B ('R




UNIVERSAL TREES: A QuUASI~ POLYNOMIAL UPPER DOUND

(4, )"'Mmo.k ovdored tacs

=N e
RN B

o ® o0 o0 oo Orv\eu@v\é'\mﬂk

‘00404 01« €<10 <1 <11
the Wroon ovder on Mw imdincad *7'3 0<e<q




TREE CODING LEMMA

LEMMA

j{-{ o L:rourrcol 'L'v-eq j. Low.s owsoL < LQQA)-QA

lam thave @4 om  ovdew- R ' *
preaLavinn ‘(QA]{L(AMZ o‘ g L—Z ({011} j

sl om enremy Fakl'\ ({w\vwx 'voo* {o i-wf-) < Lgn_ Iriks owe 'UV.:Q.

A

\<'vxla_wu€4



TREE CODING LEMMA

LEMMA

j‘{ (o WEN o:v-OLQ r(.ol 'LN"QQ j. Lq./_s amol, < LQ_
tham thawve 74 om  ovdlew- -< | QM-QA
~€ a7 0(2 Aﬂ./r\n/\ni. {ojrc(,lzuv\a o{ T L—Z {O 1} O?

4.'L. Ofwe/o-c/vy ]DO\JH'\ wo* {o wf—) < Lgn Xr\)ta aAMe  AUNR

Ce3

ANNER

< = L(L — o
R A€ A gA-
2 \< 5 A€ A




TREE CODING LEMMA

LEMMA

j‘{ (o WEN o:v-OLQ r(.ol 'ch-e,q j- Lq./_s amol, < LQ_
tham thawve 74 om  ovdlew- -< | QM-QA
~€ a7 0(2 Aﬂ./r\nmi. {QXrCLlAMZ o{ T L—Z {O 1} O?

4.'L. O'V\E/o{/vy Fa}cl\ 'vm:i {o @-f-) < Lgn J(n)t/) AME AUNR

T, :I
< L%I% ’{}‘k,t/_\ ) /A

/éx;/[\é/x

< /yx__ lJL LA o
R A€A ’Y\_
2 \< 5 A€ A

N\3




TREE CODING LEMMA

LEMMA

j‘{ (o WEN o:v-OLQ r(.ol 'ch-e,q j- Lq./_s amol, < LQ_
tham thawve 74 om  ovdlew- -< | QM-QA
~€ a7 0(2 Aﬂ./r\nmi. {QXrCLlAMZ o{ T L—Z {O 1} O?

4.'L. O'V\E/o{/vy Fa}cl\ 'vm:i {o @-f-) < Lgn J(n)t/) AME AUNR

” 585

ALINER

< /yx__ lJL LA o
R A€A ’Y\_
2 \< 5 A€ A

0 )2/




SuccineT MULTI- COUNTERS

S

Lsyes e{o) and \
S 1sl € Ty -

/ Jt;_, the w -—ONCX/'LMCA}(Q

K“’/\“—"ﬁ

4,

|0040< 01< €<£10«1 <11

Tleyw] - ('1'*[ ])

+ 0(4)

T e e bt
o .0

M/O’\»g/) -EG



THE SI1ZE OF Sn,

iy ( Mgl + )

Ofn-lg'a) 4 h=0l)
] \Sn) \ _ O(“1n(4)> 4 =0<L°3’YL>
&

5 (ntﬁ(su)ﬁ» M) = [§iqn]
| L%(-‘-%;\YOAS ; = w(l.o m)
KO( " > { 118 g

asha~e €¢= ('H Z)



SmaLLEST UNIVERSAL TREES ARE QUASI—POLYNOMIAL

THEOREM [g Lowzic 2047]

Thane s amn <’VL) )"UL/\M’U‘@V’)O\L JCM

OA{ i e TL.(L%’YL‘{' > _ /VLL%<‘L%’M>+O(4)

THEOREM [ Crevusinusks, Dowsiamd, Figalkows | . Loric, Fmys 2049]

g«:—emat (’VL' )- fwv\bvctvoo«i taee
o o mae ot best (TT]) 5 il




SmaLLEST UNIVERSAL TREES ARE QUASI—POLYNOMIAL

L('VL, )= /.VW\.O\.uxat "I‘Irl-ﬂ-a'\—"eA am om ('n, )—W\,{,u-emsou(_ tee

UFFQM AN/VL/\/\OQ V€ CAMAN Ve CQ

oCo‘ww ‘rvum& VECAMAVEM CR

CoroLLARY L(’VL) ) > (L%“+ ‘1)




SOLVING USING SAFETY AUTOMATA

E'be;v'\'\.lx' .}MI W alnkiemniez 2003_]

M&v'\/\/\/\./\/\/\./xk’\- c

-L_l\g_ \‘CL\O\;\MQ& ‘:VV*OO(ALC, h > Ou/‘\ /\/—QO\AA
G o A Ao Lo 1 ke Aannan

qoAR A0 ploged o
J RETECT photte <n ~eochsd



SOLVING USING SAFETY AUTOMATA

E-bmlx' .}M\;\w\-, wo«lMWCﬂ. 2003_]

M&v'\/\/\/\./vv\./xj(’\- <

404&,3 oK omnnoTonn

> A

QUESTIO& ’Uﬂ\oi fwaefvt{eo o( A oo

ond. S A honre the Aol A essA 7

- ’jﬁ& “ rxwa/) o Feoib.'omoi 'w'\mwiv\g jﬁde% im
- A xR M&kg’omasl ANMAMUAM J('Nate im
vy ":;'2:& i ; 74



LANGUAGES OF PRIORITY SEQUENCES

.ﬂmuF&,e“ < {1,2,..., }w: won lrz Coem,




LANGUAGES OF PRIORITY SEQUENCES

e OCLW\AMFE@QNL - {1‘2,_._, }w: Ao IPZ Coem

'Y chsdu {1 2,..., }w.' a.rvcnx.,\,\oa, %zczw\ o qoummnn %ma?‘n.
(u\kk {n verticm and )
i alich ol oxjc(,m ant euvem




SEPARATING (SAFETY) AUTOMATA

[Bejortcryk, Crsmurisiaks 2048]

DerNITION A dmike (sately) avtomaton S
s am (‘Yl-, )-«.rowatw
i]ﬁ oC( S) 44.[>M<z.te4 En-emﬁldms“ .{.VM OJJ.GﬂclM“




SEPAR
ATIN
6 (SAFETY) AUT
OMATA

"DEFINITIO
N
J:i Lmike (scx {i%) Tomn
A avlomato
P S

( ) 4~Q_[>Ma:teé &rmald% '{"’M
oy &M
u-FOcU.

4
L’E“’—V“‘/ e




THE SEPARATION METHOD

_EﬁEI. j‘? 5 10 oML (?l., )-mrwm,to\r
amd {LJL PQNL)(:B ja'w\—e Lous < /U'(/Vt\’.CQ’.) QMJ.

4l om gonmes ond. B howe the some wrimmens

/ }%%



A QUAS|I- POLTNOMIAL SEPARATOR

THEOREM [ Codnnde et ak. 2017 ; Bojonoryk, Canmusivisks 2013]
T;L\y.«we_ an a 4t/vo~\8, (’VL, )"44_‘304\/0.10"/ O‘F M7Ze M

L: +0(1)

R\ g Lo m+
o Shokes: " plovy stokinkics (F‘%“’ Plam-1) oy Py Pe) €00, 100 0Y |

o Tromnitionns : 1es [Cakmo(x ok d_Zo’lﬂ o [Roa;o\/v/\c’l_/\gl(, ,CuNm,v;s]o; 2042]

/ \ "

) L% "(L/’JFOL_C,Q, TN WW cp% avze VL



SEPARATING AUTOMATA FROM UNIVERSAL TREES

THEOREM [ Ceavwrinsks, Doasiaud, ?ﬂﬂ—a-uw Z Loz ’Po./qu 19]
Jaanres ch wc (m. ——) uMweznwl. {M’.Q
e tha sades o Arvong (w,d)- sepavedor

/l\ //l\\
e \/\\\//N\\\/\\\ \/\\l//N\k/\\l

M




worDS IN Odd

==

R

NN
ENCANNNNSC RS

NN

o

LA\

NN

= UL/

®

®
AT A



M, ACCEPTS ALL WoRDS IN Evem,

° j{i oA oaciSLA AM ol wwem
Lhow theve 44 o Progress MRAAUNE
/\A.'- —> j.c__—-7 'LL

g oCo.thuMcm,

j'MJ'QN\,O\.M.-t WI"-QM\Mu 'U’(Az{.kA Ut vlex
da stoate ia < /u( )




SEPARATING AUTOMATA FROM REGISTER GAMES

THEOREM [ Lhtimem 2018]

Thove s 4tvo~\3 (’VL , )-anowtho«r
w\,/tl’\, L " O\ﬂ.t\,?.é
ond. { Aze T = "N

CoROLLARY
?Ow\)ta gomes con e sohaed m ‘é{/m_g_

(mf? )l?m




UNIWERSAL TREES = SEPARATING AUTOMATA

THEOREM [ Crovusiinks, Powsiand, Figalkows T, Loric, Forys 2019

CLQ/Q/U‘ﬁé O’F Q/Uff\/% (’VL, z)" ’L,uvuilue/v’)d/(\ _E/V‘Q,Q
ove tha Atotes J[ a Q%W? <va

) - "JQFCANO&J[G’Y_

)

THEOREM [ Gronwisiaki, Dowiond, Figalkow, ., Lovaid, Fomgs 2019]
.S*oite.o 1 &W WW& (’VL ) )—' 4Qro.yoio'r
imclude ol the LV.OANA . om (n,z)-wmo.l'trce.




UNIVERSAL TREES AND SEPARATING AUTOMATA
ARE QUASI- POLYNOMIAL

THEOREM [ Crarurininks, Donriomd, Fagalloows, ., Lonic, Povys 2011

The wzen of snollist wmivessal trees
amd o{— le.(mk ﬂruth&»a M‘tOMNG*G.

UNIVERSAL TREES = SEPARATING AUTOMATA SMALLEST UNIVERSAL TREES ARE QUASI= POLYNOMIAYL

THEOREM [ Cravurivaks, Dowsomd, Figalkows | T, Loric, Rrys 2oig] Tueorem [ 7. Loric 2047]
Loanres o'F ety (’VL,Z)—WMJ_ treo Thave <5 an (W,E)—uwimmoi tree

owe 'Hr\(l 4*0\*@4 o{‘ a 47""’\7'/\‘% <IVL| )— I]Q?QNQ{G'W A L%‘VL"‘ _ L%(G;)+0(4)
o{ Mnze n l.n'n. =N

T._,_,_,_HEOREM \'_OzzmuwAlc\, Dowstand, :’y’lﬂ;a,Uw,Z_,.Cokué, P&M‘P 2048] THEOREM [ Cranvurinskl, Doasiowd, ?’{ff“L)M; Z-,'[“""'él ?M‘J” 2048]
S*o.teo 1 €AJ'€/V'3 'Jim? (/VL) )_421:’0”“-60"'- E,U.e,v\a, (rv\_, )— IULAM-./U{AI’JOJ- {-’V'c?-
imclude ol the Lawves im om . E) - wmiveral tree lgm + S =2 .
( ) 14 of aze ol leant (%L =1 ) 2 ,VLL%(LE'“) 2

’2



Hot oOFF/oN THE PRESS

@ [Daniomd. ,]., Lakbimen 2019]

“AL‘EQM’E«M& MTCCAJC a,m'l:w\oio. ‘f'V'D'W\. AL ’.\ax 'bv-e,u"

o [Doriond, ., Thrajosusini 2077]
“ The Strohlon mondste of = panity game

® [Ramps 2019]
h 'Z/Cej;omkou’cs GAW%LM 1 W*F%M 'l'.rirww.”

ECJ«.W , Schawse, w%kcmafc 201 3]

*Tnprosiong the complonity of Ramys' vecamsive olgamthom”

B.,\N\wum 20??]

WA wniasevaad JWLM\ ﬁw fwf'\ta gorues omd mmodid Juc/m?”



THe STRAHLER NUMBER

o
o2
9 3 N,
A3 - >
)
5 4 ¢ 3
5
® 3 <
K]
5 2 < 3 )
3 ¥ 3
o ol
S 5 o
£}y ¥ 3
< *3
4
2 5 i 3
3\
2 3
£

Fig. 2 : The Horton-Strahler rule for the Garonne river netwaork

[-U‘\.ewi 13303



OPEN PROBLEMS

° jﬁ%l«uurc o (vam&W/L@&) POAAJ—%AM«Q, (IX%«»/J{

Danx ra,faj(m 'Usox* ot Mwuhr 'U—\-OW\. ) vomg ’JQT’MOL*.O'V‘)
® ngv\ 1L

ok ‘ELth an~n€ wOih” H\ow» /qu’n*g 4cfowaicw‘)
® «bC’s&gm. 4{.1‘30«” ov3

Olegd) +he W—UP
Ol f A 103“> ‘&MOL b e a?,«krw:‘):f& tvamdation
3 a.b{'e«r—v\o.iwg ramkg '(?o €



UNIVERSAL TREES

QUASI=POLYNOMIAL
SEPARATING AUTOMATA

)/ ik f AN e

LA FING AN A\\ PN

MARCIN JURDZINSKI

UNVERSITY ofF WARWICK

COLLABORATORS: h. CZERWINSK) | L. DAviAoD , N. Fiaatkow, R. LAZIE , P. PARTS
K. LEHTlNEN) R,Mo\szN) THEIASWING K.S.



